A FREE BOUNDARY PROBLEM FOR AN ELLIPTIC SYSTEM

MORTEZA FOTOUHI, HENRIK SHAHGHOLIAN AND GEORG S. WEISS

ABSTRACT. We study solutions and the free boundary 9{|u| > 0} of the sub-
linear system

Au = Ap (@) [ut 7 ut = A (@) T
from a regularity point of view.
For A+ (z) > 0 and Holder, and 0 < ¢ < 1, we apply the epiperimetric

inequality approach and show C1-8-regularity for the free boundary at asymp-
totically flat points.
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1. INTRODUCTION

1.1. Problem setting. In this paper we study the elliptic system

1) Au = (@)t = A (@)1
where Ay > 0 are Holder regular, u = (uq,...,uy), with u: By C R* — R™,
n>2 m>1,and u* = (uf, - ,ut). Here |- | stands for the Euclidian norm,

B; = B1(0) is the unit ball, and the equation is in the weak sense. Solutions of
are the unique minimizers (up to the prescribed boundary values) of the energy

2 2
2 Jo(u) = Vul?2 + — X\ (2)[u"'T 4+ X (2 u_1+q) dzx.
@ o) = [ (190 o @l
We are interested in the regularity of both minimizers u of and their free
boundaries d{z : |u(x)] > 0}. Our departing point is a W1?-solution to this
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equation, regardless of the boundary data. Since for each i = 1,--- ,m, Au; € £2/4
we will have u; € W22/% and a bootstrap argument will show that u; € W2? for
all p < co. The main question is about the higher regularity of the solution along
with the regularity of the free boundary 9{|u| > 0}.

For clarity of exposition, and for readers’ convenience we shall carry out the
analysis for the case Ay = A_ = 1. In Section [5| we shall explain the obvious and
necessary changes for the general case in . We thus, in what follows, consider
the equation

(3) Au = f(u) := |u|? tu, in B1(0), where ¢ € (0,1),
that are minimizers to
) J(u) = /B (IVul? + 2F(u)) da,
1
where
Flu) = %q|u|1+q.

The case ¢ = 0 was studied in [2] and it has been shown that the set of ”regular’ﬂ
free boundary points is locally a C*# surface. It is noteworthy that in the scalar
case, when m = 1, one recovers also the two phase free boundary problem

() Au = (uh) = (u"),

which was investigated in [4], from a regularity point of view, with partial re-
sults. When solutions of are assumed to be non-negative, the optimal regularity
Clelr=15] for the solution has been shown, where x = 2/(1 — ¢), as well as the
regularity of the free boundary close to almost flat points; see [II, B} [7] §].

In this paper we study the behaviour of solutions as well as the free boundary
close to asymptotically flat points, and obtain results along the lines of [2].

1.2. Notations and Definitions. For clarity of exposition we shall introduce
some notation and definitions here that are used frequently in the paper.

Throughout this paper, R™ will be equipped with the Euclidean inner product
x -y and the induced norm |z|, B,(z() will denote the open n-dimensional ball
of center zg, radius r with the boundary 9B, (xo). In addition, B, = B,(0) and
0B, = 0B,(0). For a set A, d(x,A) stands for the distance between x and A. In
the text we use the n-dimensional Hausdorff measure H™. For a real number s, we
denote the greatest integer below s by [s], i.e. s —1 < [s] <s.

Also, we will denote the derivative of function f by f, and the derivative matrix
of u by Vu = [0;u;]1<i<n,1<j<m Wwith the notation

‘VLI|2 = Z ‘Vui|27 Vu:Vv = Z(Vuz . V’Ul‘)7
i=1 i=1
Vug:gtvu:(vulgv ;V’U/m'§>7 fOI“ alleRn

We denote by I'(u) = d{|u| > 0} N {|Vu| = 0} the set of free boundary. Moreover,
for ¢ € (0,1) we fix the following constants throughout the paper:

K=—", o= (k(k—1))7"%/2

1For the meaning of regular points, see Definition
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1.3. Main results. Let us first assume that a solution u = (uq, ..., uy,) of , is
such that all components of u are positive. Then we have the following result.

Proposition 1.1 (Regularity near the one-phase free boundary points). Let u be
a solution of the system , and u; > 0 in B,(xg) for some i. Then there is a
constant ¢ = ¢(n, q) such that

ui(z) < c(ui(xo) + |2 — x0|™), Vo € By j2(x0).

This theorem shows that if u(xg) = 0, then all derivatives of u of order less than
K at point xo vanish. However, we can not expect to obtain CL##~ L5l regularity
in the general case, particularly when some components of u change signs. Indeed,
the ODE y” = y?, with initial condition y(0) = 0 # ¢’(0), has a solution whose
third derivative is unbounded, 3" = qy’y?~!.

In order to study the optimal decay of solutions near such points, we start with
a definition of the subset I'*(u) of the free boundary I'(u) as follows

I'*(u) := {z € T'(u) : there exists some ¢ > 0 and a vector function P,, that each

component is a polynomial of degree at most m < s, such

that for all r > 0 we have sup |u(z + 2) — Py, (z)| < er®}.
B(0)
We will show that T'*(u) contains only points at that all derivatives of order less
than x are zero.

Theorem 1.2. Let u be a solution of the system (3) with u(z) = 0. Consider
£ = |k] to be the greatest integer below k, i.e. k —1 <€ < K, then z € T'"*(u) if and
only if
sup |u| = o(r").
B, (z)
To investigate the regularity of free boundary, we consider “asymptotically one-
phase-points” that is, a subset of I'(u) such that the blow-ups belong to

H:= {z — amax(z - v,0)"e: v € R" and e € R™ are unit vectors}.

Members of these class are k-homogeneous global solutions of . When the do-
main is a plane, i.e. n = 2, all k-homogeneous global solutions are classified (see
Proposition in Appendix). The members of H are called half-plane solutions.

Definition 1.3. We denote by Ry the set of all regular free boundary points of
xo € T'(u), which has at least one blow-up limit of u at xo that belongs to H.

This definition is well-defined according to the uniqueness of blow-up, as we will
show later. (See Remark[4.4). Our main result concerning the regularity of the free
boundary is presented in the following theorem.

Theorem 1.4 (Regularity of the free boundary). The set of regular free boundary
points Ry is locally in By a CYP-manifold.

We choose the epiperimetric inequality approach to prove this result. Since the
first application of this approach in [9], it has been used in various articles (see for
example [2] for an application in a system or [I0] for a sublinear scalar equation
case). This inequality, Theorem with a monotonicity formula, Proposition
provides an estimate for the energy decay. Indeed, one can control the rate of
convergence |[u(zo + -) — hf|g1(p,) in this approach, where h belongs to H. In
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Theorem we will show that when h € H, the rate of convergence is %7 for
some [ > 0.

In order to keep the presentation simple, we consider the constant coefficient
case and do all calculation first for that. In Section [5 the result is extended to
the general form .

2. HIGHER REGULARITY OF SOLUTIONS

In this section we will study the regularity of solutions of and prove Propo-
sition [L.1] and Theorem [[.2]

Proof of Proposition[1.1} Let ¢(r) == f,p (20) Wi and observe that u; > 0, in the

statement of the theorem. Since Au; = |u|?"tu; > 0, we know that ¢(r) is increas-
ing and

.\ 1—¢q r
6 / :ﬁ][ q—1i<1][ l,q][ Ui < _ q’
© SO =0f s °( Brm)“) (MO) |u\> < = (p(r)

where in the last inequality we have applied fB (o) Wi < ¢(r). Form @, we obtain

and hence )
o(r) < (wilw0)! =+ 5-)/2 < Cylus(ao) + 7).

On the other hand, u; is a nonnegative subharmonic function and there is a constant
C,, such that

ui(x) < C’n][ u;, for every x € B, /5(x0) and p = 2|z — z0].
9B, (w0)
Therefore, u;(z) < ¢(n, q)(ui(xo) + p*) < c(ui(zo) + |z — z0|"). O

Corollary 2.1. Let u be a solution of the system and xo € I'. There exists a
constant ¢ = c(n,q) such that if u; >0 in B.(xo) for all i, then
sup |u| < er”.
Br(xﬂ)
Now we are going to prove Theorem [I.2] The necessity of vanishing derivatives
is deduced from the following proposition when s = k. The proof follows the same
line of reasoning as that of the proof of Proposition 2.1 in [4].

Proposition 2.2. Let u be a solution of system and z € T'*(u) for s < kK, then
all the derivatives of order m < % at point z are zero.

This proposition in a special case will imply that if z € I'*(u) then all derivatives
of u at the point z up to order m < k exist and are equal to zero, i.e. we must
have P,,(z) = 0 in definition of I'"*(u). Thus when we are looking for points with
regularity Cl*):#*=1%) in the free boundary I'(u), we might find them among the
points where all the derivatives below k exist and are zero. Theorem shows
that this is a sufficient condition for a free boundary point to belong to I'*(u). We
divide the proof in two different cases, depending on whether x is integer or not.
Before that we need to show that the monotonicity formula (which is established
by the third author in [9] for the classical obstacle problem), holds in the present
setting.
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Proposition 2.3. Let u be a solution of (3)) in By, (xo) and let
1 / 2 K 2 -1
- IVul? + 2F(u)) de — 77/ a2 a1,
rn+2n 2 Br(l’o) ( ) rn+2n 1 aBT(Io)

(i) For 0 <r < rg, the energy function W(u,zg,r) is non-decreasing.
(ii) The function x — W (u,x,0+) is upper-semicontinuous.

W(a,zo,r) =

Proof. For u,(z) := u(zo+rz)/r" we can apply the relations rd,u, = Vu,-z—ku,
and W (u,,0,s) = W(u,zg,rs) to write for s > ¢t > 0,

s 2
W(u,zg,s) — W(u,xo,t) = / / 2|V, -z — ku, 2dH" " dr > 0.
t JoBi(0) "

For (i), if W(u,xo,0+) > —oo, for an arbitrary ¢ > 0, we may by monotonicity,
part (i), choose r such that W (u, zg,r) < W(u, xo,0+)+¢/2. For this fixed r, there
is a d-neighborhood of g such that W (u, z,r) < W(u,zg,r) + €/2. Therefore,

W(u,z,0+) < W(u,z,7) < W(u,zo,r) +¢/2 < W(u,z0,04) +¢.

The case, W(u, zg,0+) = —oo will be proved by a similar argument. We must show
that for an arbitrary constant M > 0, W(u,z,4+0) < —M in some neighborhood
of xg. Here, choose r > 0 such that W(u,zo,7) < —2M, and for this r take a
d-neighborhood of zg such that W(u,z,7) < W(u,zo,7) + M < —M. O

Proof of sufficiency part of Theorem[I.4 Case k ¢ N: If the statement of the
theorem fails, then there exists a sequence r; — 0 such that

sup ju| < jr®, Vr>rj, sup [u| = jry.
. v
In particular the function @, (z) = 2(r52) gatisfies
. . 1
sup |a;(z)] < R", forl<R< —,
TrEBR Tj

with equality for R = 1, along with

Aulr i
Au; = u(r_jx) = f‘(uj) — 0 locally uniformly.
J ']7’6 2 Jlfq
J

From here we conclude that {@;} is bounded in CL%(R") and that there is a

convergent subsequence, tending to a harmonic function ug with growth x, i.e.

(7) sup jug| < R®, forall R>1, suplug|=1, Auy=0,
BR Bl

and

(8) uy(0) = [Vug(0)| = - - = [D*up(0)| = 0.

Obviously —, along with the fact that x ¢ N, violates Liouville’s theorem and
we have a contradiction in this case.
u(rz)

Case x € N: Let u,(x) = =7~ and notice that Au, = f(u,). By elliptic theory
(see Theorem 8.17, in [6]) it suffices to show that [, lu,|'*? dz is bounded. Using
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monotonicity formula, Theorem [2.3] we have

2
|ur\1+q S/ 2F(u,) < W(u,,0,1) —/ |VuT|2 + m/ \ur|2
By 1 0B,

1+4q /g, B
<W0)~ [ (Vu— ol x| fu,—pf
By 9B,
(9) éW(u,071>+ﬁ/ u, — |,
9By
where each component of p = (p1,...,pm) € Py is an arbitrary homogeneous

harmonic polynomial of order x. We need only to show that [, |u, — 7|2 is
bounded for every r < 1, where 7, = argmin,ep_ [, |1, — p[?. The function m,
satisfies
/ p-(u, —m)dH" ! =0, for every p € Py.
B,

Now suppose, towards a contradiction, that there is a sequence rp, — 0, such that

1/2
Mk = (/ |um — Tpy, ‘2 dj‘cnil) — OQ.
0B,

T

Uy, —7p Upr,
For wj, = === we have Wil c2oB,) = 1 and Awy, = M,

My,
1

C
|Awk|(1+q)/q < 7/ lu |1+q < — 1+/ lu,, — 7, |2 — 0,
/Bl M;EHq)/q B, Tk M}il+q)/q( 9B, Tk k )

where in the last inequality we have used (9). Now {wy} being bounded in W?22(B;)
there is a weakly convergence subsequence with limit wyg, satisfying Awg = 0,
||W0||L2(331) =1 and

(10) / p-wo =0, for every p € P,.
0By

On the other hand, we have

1
[ovsal—e [ il = (Vo [ )
B, 9By k B, dB1

(W(u,0,ry) — 2/ F(u,,)dz)

Ny
Mk By

1
Therefore, we obtain

(11) / |VW0|2 — K‘,/ ‘WO|2 <0.
By 0B,

On the other hand by Lemma 4.1 in [T1], each component w of wq must satisfy

5 / (wh)? < / V2.
8B1 Bl

Summing over ¢ and comparing with , this along with
wg(0) = [Vwy(0)] = -+~ = [D w5 (0)] = 0

implies that w} is a homogeneous harmonic polynomial of order x. But implies
that wo = 0 on 0B, which contradicts ||wol|z298,) = 1.
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Remark 2.4. The first part of the proof, case k ¢ N, works when the equation is
relaxzed to |Au| < ¢olul?.

3. THE EPIPERIMETRIC INEQUALITY

This section is devoted to provide the main tool of our approach, the epiperi-
metric inequality. Firstly, let us define the boundary adjusted energy

M(v) = /131 (IVv]* +2F(v)) dm—/ﬁ/aBl [v|[*dH" .

Theorem 3.1 (The epiperimetric inequlaity). There exist € € (0,1) and 6 > 0
such that if ¢ € WH2(B1;R™) is a homogeneous function of degree r and ||c —
hly1.2(,;rm) < 0 for some h € H, then there exists a function v € W1i2(By;R™)
such that v.=c on 0By and M(v) < (1 —e)M(c) + M (h).

Proof. Suppose toward a contradiction that there are sequences ¢; — 0, d; — 0,
c; € W1’2(Bl; R™) and h; € H such that ¢; is homogeneous of degree x and satisfies

lles = hallwr2(p,mm) = Inf fle; —hl| =4,
and
(12) M(v) > (1 —&)M(c;) +e:M(bh;), forall v € c; + W, *(By; R™).
Rotating in R™ and in R™ if necessary, we may assume that

h;(z) = a(z})"e; =: h(x),

n

where e; = (1,0,---,0) € R™. Notice that the energy M takes a constant value
on H, and that subtracting M (h) from the inequality , we obtain

(13) (1 —&;)(M(c;) — M(h)) < M(v) — M(h), for all v € ¢; + W, *(B1; R™).
Now observe that for all ¢ = (¢1,- -+, dm) € WH2(B1;R™),

SM (h)(¢) :=2 Vh:V¢+|h|q_1h-qbdx—2n/ h-¢dH"?
B, 0B,

22/ (—Ah+f(h))-¢dx+2/ (Vh-z — kh) - ¢dH" ™t =0.
By P

B
Thus we can subtract (1—¢;)0 M (h)(c;—h) from the left hand side and §M (h)(v—h)
from the right hand side of to obtain

(14) (1%1-)(/3 \V(cifh)|2dxf/<;/8B lc; — h|? d3n—1
+ 2/31 F(c;) — F(h) — f(h) - (c; — h) dz)
</B \V(vfh)|2d:c—n/aB |v —h|?dH" !

+ z/B F(v) — F(h) — f(h) - (v — h) dz.

Define now the normalized functions w; := (c; — h)/d;, which along a subsequence
converge weakly in W12(By;R™) to a function w. The proof proceeds then in the
following four steps:
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Step 1. w =0 in By N {x, < 0}.

Step 2. w solves the equation Aw = f,(h)(w) in By N {x, > 0}.

Step 3. w = 0.

Step 4. w; — 0 strongly in W12(By;R™) as the subsequence i — oo.

Since ||w;l[w1.2(B,;rm) = 1, Step 3 and Step 4 imply a contradiction proving the
theorem.

Step 1. We insert v := (1 — n)c; + nh in where n € W ?(B)) is radially
symmetric and satisfies 0 < 7 < 1, and obtain

(1-c) /B Flei) — F(h) — f(h) - (¢; — h)dz

<C6?+ | F(v)—F(h)— f(h) (v —h)dx
B

<0+ [ (1= n(Ple) — Fb) = f(h) - (e; ~ ) .
1
where convexity of F' is used in the last inequality. From this we obtain
(15) [ =20 (Fte) = Pb) = f(h) - (e = b)) do < €57,
1
We first integrate on By = By N {z,, > 0} where |h| > 0, to arrive at

[ n=20(Fle) = Fb) = £ (e ~ b)) da

=/B+/ /(n_gi)(fu(h-l-s(ci—h))(ci—h)-(ci—h)) dsdtdz

/B// — i) ([ + s(es B[ e; — P

+ (¢ —1)/h+ s(c; — h)[7*((h + s(c; — h)) - (¢; — h))?) dsdtdx
= ' — e k(g+1)+n—1 r s(c; — q— 1Cz
([ )=z d/w//'“ B)[~[e; ~ B
+(g—1)|h +s(c; —h)|??((h+ s(c; — h)) - (c; — h))?) dsdtdFH" !

1
> (/ (n(r) — ei)r k(g+1)+n— 1dr /33+/ / glh + s(c; — h)|7~ 1|Cl—h|2dsdtd9{” 1

/ // n —ei)|h + s(c; — h)|7 Y c; — h|? dsdtda.
B+

It is noteworthy that the phrase inside the parentheses in the last inequality is
positive when ¢; is small enough. Now comparing the last inequality with
gives us the bound

s 1 gt
/ (n 1_?)F(wi)dz + / / / q(n —ei)|h+ s(c; — h) |7 |w; |2 dsdtdz < C.
By 9; B Jo Jo
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/ nF(w)dz < 0.
1
Therefore w = 0 in B .

Step 2. Insert v := n(h + d;g) + (1 — n)c; into where 7 € Cgo(Bfr) with
values in [0,1] and g € W12(B; R™)

/|anvi|2dgc+532 F(c;) — F(h) — f(h) - (c; — h) dx
By

As i — oo we conclude that

<Cei + / V(1 - )wi + ) da
B

2 / F(v) — F(h) — f(h) - (v — h) da.

52 s

It follows that
[ a-a-ppvwlars g [ Fe) - Pl - 5 (o - bdo
By o; B

< Ce; + ; IV(ng)|* +2V((1 — n)w;) - V(ng)

+ |V77|2|Wi|2 —2(1—=n)(Vw,; - Vn) - w; dx

¥ / F(v)— F(b) ~ f(b) - (v~ h)d,
Bl

5

and then passing to the limit as i — oo,

1 gt
/ |Vw|? dz + lim sup/ / / 2fu(h + sé;w;)(w;) - w; dsdt dx
B B Jo Jo

1—00

< / V(1= n)w + 1) da

+1111£1)£f/3+/ /qu (h+ s6;((1 —n)w; +ng))
(16) (1 =n)w; +ng) - (1 —n)w; + ng) dsdt dx.
On the other hand, in Bfr N suppn, we have
fa(h 4 s8;w;)(Ws) - wi =|h 4 s8;w; |77 w2
+ (¢ — D|h + s6;w; |93 ((h + s6;w;) - wy)?
— fu(h)(w) - w,

where the convergence is valid due to the dominated convergence theorem. A similar
convergence holds for the right hand side of , and hence

/Bl vl | fulh)(w) - wda

Brﬁsupp n

S/Bl V(1 nyw + ng) | de

F [ AW nw e g) - (L n)w o+ g)
B Nsuppn
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Consider an open ball B C By N{x, > 0}. We may choose n:=1in B and g :=w
outside B to obtain that

[ 1wk in [ fuyow)-wio< [ VePdot [ fubie) s,

for all g € W12(B;R™) coinciding with w on dB. Therefore,
Aw = |h|7'w + (¢ — 1)|h|73(h - w)h.
Step 3. Let w; :=w-e; for 1 < j <m, then
Aw; = gr(k — 1)(x)) 2w;,  for j =1,
and
Aw; = k(k — 1)(x)))2w;, for j > 1.

Now extend w; to a homogeneous function of degree « in {z,, > 0} and define

o w; (@, zy), T, >0,
Wz, zy) =
—wj(z', —z,), xn <0,

which is a homogeneous weak solution of degree k and satisfies

qk(k — )|z, | "2w;, for j=1,
(17) Aw; =
k(k = 1)|@,|?w;,  for j > 1.

Note that as a result of Step 1, the trace of w vanishes on {z, = 0}. If we
consider now any multiindex p € Zi‘l x {0} and the higher order partial derivatives
OMw; =: ¢ then ( satisfies again in the same equation in R™. Then ( is by repeated
local energy estimates contained in VVlloc2 (R™) and ¢ is a homogeneous function of
degree k — |p|1. From the integrability and homogeneity we infer that 0w, = 0 for
k—|pl1 —1 < —n/2. Thus 2’ — @;(2',x,) is a polynomial and the homogeneity
and integrability imply the existence of a polynomial p of degree degp < x + % -1,
such that w;(z’, z,) = :v’flp(%) for x,, > 0. Next we take 1 € Z'} " x {0} such that
lul1 = degp, then oHw; = O"pz M Comparing with the equation (T7), in the
case that 0*p # 0, implies that

(k= lpl)(rk = lph = 1) = gr(k = 1), for j =1,

(5= i) (s — |l — 1) = w(x— 1), forj > 1,
and hence

|ulh =1, or 2 — 2, for j =1,

|uly =0, or 2k — 1, for j > 1.

On the other hand, we have degp < k— %, and only the cases |u|; = 1 for j = 1 and
|u|r = 0 for j > 1 are possible. For j = 1, we obtain that w1 (z) = 8 (d+ £ 2’ /z,,),
whereupon the equation for wy yields that

Awy = (k—1)(k—2)2E 3 (dxy +£-2") +2d(k — )22 = gr(k— )2t (dw, +£-2').

We deduce that d = 0 and that wy(z) = 25~ 1¢-2" in {x,, > 0}. By similar argument
for j > 1, we find that w(z) = (28710 - 2/, boa, ... Lpxl).
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Recall that we have chosen h as the best approximation of c¢; in H. It follows
that for h, (z) := amax(z - v,0)%eq,
1

(18) (Wi, hy —h)wi2(,mm) < 2751_”}11/ - h”%/l/l«?(Bl;Rm)'
Now let v — e, so that |Z:2"| converges to the vector £ (where £ - €, = 0), then

o(1) 2/B (Wi - en)r(ar))" " (z- &)+

V(w; - e1) - [H(xg)ﬁflg + ok — 1) (@) 2(z - E)en | da.

Choosing & = (¢1,0) and passing to the limit in ¢, we obtain that
02 [ k(PR )+ (e
B,

+ k(k — 1)2(x1)2”74(x' . 61)2do:.

Hence, /1 =0, and w - e; = 0.

It remains to show that w-e; = 0 for j > 1. Apply once more the relation
for hy = a(z;})"e, instead of h,, where e, = (cost)e; £ (sint)e;, and let ¢ — 0. We
obtain

(Wi, a(zy))"ej)wie (s, mm) < 0.
Therefore,
Gl ) vz (s, = 0,
and £; = 0.

Step 4. In order to show the strong convergence of w; in W12(By;R™), choose
v := (1—n)c; +nh as a test function in (I4)), where  =: max(0, min(1,2(1 —|z|))).
Then as in Step 1, we obtain

|2 dx 0= Cirp(e;) — - (c; — x
[ iwans [ TR [Fe) - B - fh) - (e ] a

<Ce, + / V(1 — n)w) P
By

=Ce; +/ (1 =m)*|Vwil? = 2(1 = n)(Vwi - Vi) - wi + [V|*|w;[*dx
B,

and

1ot
/ |VWi|2d$U+/ nF(w;)dz + / / / qnlh + s(c; — h)|9 w; | dsdtdx
Bi/2 By B Jo Jo
<C¢; +/ V% wil? — 2(1 —n)(Vw; - V) - wida.
By

At this point, notice that second and third integral in the last relation are positive
and use the homogeneity of w; to obtain

/ |Vw; | dx = 2"*2“*2/ |Vw;|? dz
B

By /2
< gn+2r=2 (Cai +/ |Vn|?w;il? — 2(1 — ) (Vw; - V) -wid:v) — 0.
By

O
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4. REGULARITY OF FREE BOUNDARY AT REGULAR POINTS

In this section, we will study the regularity of the free boundary near a one-phase
point at which at least one blow-up limit coincides with a half-plane solution.

4.1. Nondegeneracy.
Proposition 4.1. Let u be a solution of with 0 < g < 1. Then there is a
positive constant ¢ = c(q,n) such that if xo € {|u| > 0} and B,(z) C Bi, then

sup |u| > er”.
B, (zo)

Proof. Let v(z) := [u(x)|*~9. Then
Vul? 1+¢q|Vv]?
vl 1—q v

Av=(1—q)+(1—¢q)

For any y € {|u| > 0} (close to zg), set w(z) = c|z — y|? for small constant ¢ > 0
to be specified later. Then h = v — w satisfies in {|u| > 0}

. 14+¢q,V(v+w) de n 1l+gq
Lhi= Aht— ( -Vh Uh)_(l q) 4c(2+1_q)+(1 9=t 20,
provided that c is small enough. In particular A cannot attain a local maximum in
B, (y) N {|u| > 0}. On the other hand h < 0 on 9{|u| > 0} and hence the positive
maximum of h is attained on 9B, (y), and we conclude that

sup (v—w)>wv(y) >0,
0By (y)N{|u|>0}
which amounts to
sup v > er.
0B (y)N{[u[>0}

Letting y — xo, we arrive at the statement of the lemma. ([
4.2. Energy decay.
Theorem 4.2 (Energy decay). Let xo € By N 9{|u| > 0}, and suppose that the
epiperimetric inequality holds with ¢ € (0,1) for each
x || r
cr(z) :=|z|"u,.(—) = u(zo + —x)
lz|” e Ed
and for all r < rg < 1. Finally let uy denote an arbitrary blow-up limit of u at x(
and A = (n+2k —2)e/(1 —¢€). Then

A
|W (u, zo,7) — W(u, z0,0+)| < |W(u,zg,709) — W(u,xo,0+)| (:) ,
0

forr € (0,79), and there exists a constant C' depending only on n and € such that

/ [, (2) = wo(a)|d3" " < CIW (w,x0,70) = W (w0, 04)[/2(-)N2.
631 0

Proof. We define

e(r) == W(u,zg,r)—W(u,z9,0+) = 7“_"_2””'2/ (\Vu|2 + 2F(u)) dx
BT(zO)

— gy n2R+1 / |ll|2 dH" 1 — W (u, o, 0+)
OB, (z0)
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and calculate

2k —2
e(r)=— ntan- = (e(r) + W (u,z0,0+)) + /w*"*%/ lu? "t
r 9B, (z0)

+ T7n72/{+2 / (|vu‘2 4 QF(U))dj_Cnfl
E)BT(zg)

) / (Vu-v) -udH" ! — k(n — 1)7“_”_2“/
OB, (z0) )

BT(IO)
2k —2
== B2 )+ Wm0, 04) ~ S —2) [ g aoen
T T 9B,
1 2 no1 2K n—1
+ - (|Vu,[* + 2F (u,))dH" " — = (Vu, - v) - u.dXH
T JoB, T Jop,

O — 2
> n++(e(r) + W (u,z0,0+))
1

+f/ Vo, 2 = (r(n — 2) + k) |? + 2F (w,)dH" !
" JoB,

2k —2
e CORR CRONES)
1
+ - / |Voc,|? — (k(n — 2) + &%)|c,|? + 2F (¢, )dH" !
T JoB,
2k —2
=— n++(e(r) + W (u,z9,0+) — M(c,)).

13

|u|2 dg_cn—l

At this point, we employ the minimality of u as well as the assumption that the
epiperimetric inequality M(v) < (1 — e)M(c,) + eW(u, zg,0+) holds for some
v € WH2(By;R™) with c,.-boundary values and we obtain for » € (0,79) the

estimate

¢ (r) Zn+2:72(1ig(M(ur) — W(u,z0,04)) — e(r))
n+2k—2 1 n+2k—2 ¢
B r (175_1)6(7”):71756(74)'

By the monotonicity formula Proposition e(r) > 0, and we conclude in the

non-trivial case e > 0 that in (rq,7¢)

e(r) < B(To)(%)A for 7 € (r1,70),

which proves the first statement.
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Now using once more the monotonicity formula, Proposition [2.3] we get for
0 < p <o <1y an estimate of the form

/ Uy (7) — u,(2)] dH"! < / / |0, |dr dH™ 1
0By oB1 Jp
= / rt / |Vur -xr— nur| dH"Ydr
4 0By
o N 92 1/2
< / 2 [Tn (/ 7|Vur~:177 KU, 2d9‘f"71> dr
p 2 8B, T
= ,/—m;n/ Y2\ /e (r)dr
P

= \/TLQTn(log(a) ~log(p)2(e(0) — e(p) /2.

Considering now 0 < 2p < 2r < rg and intervals 275~ 27F) 5 pand 27471, 27%) >
r the already proved part of the theorem yields that

k
/aB [u, () = up (@) dH"H < Ci(n) Y (log(277) —log(27 1) /2 (e(277) —e(2771)) /2

< Coln)(elro)) V2 MY 2
i=0
< Cs(n, /{,f—:)(e(ro))1/2(r025)*/\/2

< Gyl ) () A M2, 0

4.3. Uniqueness of blow-up. In this subsection, we will show the uniqueness of
blow-up and estimate the rate of convergence of the scaled solution to its blow-up
in Theorem .7

First we need to prove some preliminaries.

Lemma 4.3. The half-plane solutions of the system are isolated (in the topology
of WH2(B1(0); R™)) within the class of homogeneous solutions of degree k.

Proof. We suppose towards a contradiction that this does not hold. Then there
exists a sequence of homogeneous solutions of degree k, say u,, such that

0< ﬁrelﬂf{ Hun — h”le?(Bl(O);]R"”) = ||un — ljl||W1,2(Bl(0);Rm) =:0, — 0, asn — oo,

where h = a(z;)%e;. When passing to a subsequence, (u, —h)/8, =: w, = w
weakly in W12(B;(0); R™), the limit w is still a homogeneous function of degree
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k. Furthermore, for ¢ € C§°(B1; R™) we have

- /B VW, Vodr=— | (f(un)— f(h))- de

on JB,

1 Ld . .
_— - h _ h )
o /31 /O dtf( +t(uy, )) ¢ dtdx
1
:/ / fu(h =+ tanwn)(wn) - ¢ dtder.
B; Jo
If supp ¢ C By, let n — oo we conclude that

. fu(w)(w) ~¢pdr = lim B fU(Wn)(Wn) “¢pdx

n— oo Bl

= — lim q0L~IVw,, - Védx = 0.

Then w = 0 in B1(0) N {z,, < 0}. Now for every supp ¢ C B,

- Vw - Vodr = / fu(h)(W) - ¢ da.
B BY
Thus Aw = fu(h)(w) in B;(0) N {z, > 0}.

On the other hand, we know that h is the best approximation to u,, among all
half-plane solutions. But then it follows exactly as in Step 3 of the proof of the
epiperimetric inequality Theorem that w = 0. In order to obtain a contradic-
tion to the assumption 6, > 0 by which |[w,|w12(p, 0)rm) = 1, it is therefore
sufficient to show the strong convergence of Vw,, to Vw in £2(B;(0); R™") as the
subsequence n — co. But by compact imbedding on the boundary

/ |an|2 = Wy, - VWr dH" ! — w, - Aw,,
B4 0B, B,

—k w. |2 nfl_i w. —h)- u,) — f(h X
_ /831| a3 52/}9} W= B) - (f(un) — f(R))d

§/{/ |W, |2 dH™ ! — 0,
831

as the subsequence n — . O

Remark 4.4. Theorem[].9 proves the uniqueness of blow-ups provided u, remains
i a d-neighborhood of H, where § is the constant introduced in the epiperimetric
inequality. Lemmal[{.3, however, provides this condition.

Proposition 4.5. Let u # 0 be a homogeneous solution of degree k satisfying
{|u| = 0}° # @. Then M(u) > a,/2, and equality implies that u is a half-plane
solution; here o, = 2M (h) for every h € H.

Proof. The proof is by induction on n, the dimension of the domain. In one space
dimension the statement is an immediate consequence of the homogeneity. We
assume that it holds for every solution in dimension < n — 1 and that it is violated
by a homogeneous solution u of degree x in dimension n, that {|u| = 0} contains
the ball B and that e,, € 9B N d{|u| > 0}. The homogeneity of u implies that

W(u,e,,04) = lim W(ue,r)= lim W, 2%, ) = W(u, <2, 04),
r—0+ r—0t m m m
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and by the upper semicontinuity of the function x — W (u,z,0+),

W (u, ey, 0+) = limsup W(u, e—n,O—&-) < W(u,0,0+) < W(u,0,1) = M(u) < an

m—soo m 2
Thus every blow-up limit ug of u at the point e,, satisfies the inequality M (ug) <
o, /2. (Note that by the nondegeneracy property ug Z 0.) Now the homogeneity of
u tells us that ug must be constant in the direction of the vector e,, and that again
{Jug| = 0}° # @, s0 @ := ug|gn-1 is a homogeneous solution of degree k satisfying
{|a] =0}° # &, and

n 1-
&n >/ |Vug|? + 2F (ug) do — /<;/ lug|? dH" ! = i lug |19 da
2 B OB, I+q/B

1 N 1— |x/|2
= 20 —-q) / / (") d, da’
I+q Jye<ny

]_ _
_ q / / n 2+m 1+q dT/ |ﬁ(x/)|l+q dg_cn72

I+4q 0B,

=2M (1) / V1 = p2pn=2telta) gy
0
1
>a, 1 / V1 — p2pn=2telta) g — %,
0

which contradicts the induction hypothesis. (Notice that the last equality is ob-
tained by the same calculation for h(z) = a(z])"e € H instead of uy.)

Finally, we assume inductively that the second part of the statement holds for
every dimension < n—1 and consider the case of a homogeneous solution u of degree
& in dimension n satisfying M (u) = o, /2, B C {|u| = 0} and e,, € 9BNI{|u| > 0}.
As in the first part of the proof we obtain that every blow-up limit ug of u at the
point e,, satisfies the inequlity M (ug) < a,/2, that ug is constant in the direction of
e, and that {|ug| = 0}° # &. Defining again @ := ug|g»-1, which is a homogeneous
solution of degree k satisfying {|a| = 0}° # &, the calculation in the first part of
the proof yields that M () < a,—1/2. Thus @ must be a half-plane solution by the
induction hypothesis, and so must ug. Therefore, for 0 < r,, — 0, every blow-up
limit of u at the point r,,e, must be a half-plane solution. Assuming that u ¢ H,
we find by a continuity argument for an arbitrary 6 € (0,1) a sequence p,, — 0
such that

dist(p,,"u(rmen + pm-), H) = Odist(u, H) > 0,

where the distance is measured in the W?(B;(0); R™)-norm. On the other hand,
it follows that u(r,,e, + pm-)/p%, converges in W12(B1(0); R™) to a homogeneous
solution u* of degree k along a subsequence m — oo. Although the boundedness of
u(rmen + pm-)/p, implies the weak convergence in W12(B;(0); R™), the compact
embedding on the boundary proves the strong convergence as at the end of the
proof of Lemma The conclusion is that dist(u*,H) = 0dist(u,H) > 0 which
for small @ contradicts the isolation property Lemma [4.3] O

Remark 4.6. Proposition[].5 and Lemma[].3 show that the infimum energy of all
k-homogeneous solutions outside of H is strictly greater than ., /2. From this fact
we infer that the set of reqular free boundary points Ry, is open relative to I'(u).



FREE BOUNDARY OF AN ELLIPTIC SYSTEM 17

Theorem 4.7. Let C}, be a compact subset of Ry. Assume that ug(x) = amax(x
v(xzp),0)%e(xg) is the blow-up limit of u at xo which is a half-plane solution, for
some v(xg) € 0B1(0) C R™ and e(zg) € 0B1(0) C R™. Then there exists 1o > 0
and positive constant C, such that

/ ‘w — amax(x - v(zg), O)Ke(:ro)‘ dH" < orh/?,
9B, r

for every xog € Cy, and every r < ro. Here, A is the exponent defined in Theorem
73

Proof. In view of Theorem and Theorem it is sufficient to show that

u(xg +7-)
,rK,

dist( JH) <6,

for every 2o € Cj, and r < 1o, where the distance is measured in the W12(By (0); R™)-
norm. Assume now towards a contradiction that dlst(u@iﬂ”) H) > 6 > 0 for some
x; € Cp and p; — 0. By a continuity argument, for each 6 € (0,1) there is a se-
quence p; < p; such that d1st(M, H) = 66. Then u; := % is bounded
in Wh2(B;(0); R™), and passing tol a limit with respect to a subsecfuence we obtain
a solution uy, satisfying dist(up, H) = 6. Moreover,

W(ap,0,7) = hm W(u;,0,7) = lim W(ua,z;,7p;) = an/2.

1—00

Thus uy, is a k-homogeneous solution by Proposition [2.3|and so for small 8 contra-
dicts the isolation property in Lemma O

4.4. Proof of Theorem Let us consider g € Ry. By Theorem there
exists dg > 0 such that Bas,(ro) C B1, Bas,(x0) N O{|u| > 0} = Bas, (z¢) N Ry and

(19) / ’M—amax(gj~y<x1)70)ne(x1)’dj{n_l gC'rA/Q’
0B,

TK

for every z1 € 9{|u] > 0} N Bys,(xp) and for every r < min(dy,r9). We now
observe that x; — v(z1) and x; — e(x;) are Holder continuous with exponent /3
on d{|u| > 0} N By, (o) for some §; € (0,dp):

a/ | max(z - v(x1),0)"e(z1) — max(z - v(22),0)"e(x2)| dH"
B,

1 j—
< 20A/2 +/ / ‘Vu(xl +rx + t(xe — x1) ‘\3?1 | dtdFe
0B,

TK,

<2072 4 Cllmr;ﬁle < (20 + Cy)|ay — o2,

if we choose v := (k4 §)7! and r := |21 — 2|7 < min(8y, o), and the left hand
side

a/ | max(z - v(x1),0)"e(z1) — max(z - v(22),0)"e(z2)| din1
8B,

(20) Z c(n)(|v(e1) — v(z2)| + [e(z1) — e(22)])

as can be shown by an indirect argument. Suppose towards a contradiction that
gl 2 1_ a2 1,2 1_ a2 1 5 2 ua
cj=lvj —vi|+lej—ej| =0, (v; —vi)/c; = m, (ej—ef)/c; > & v >V, ef e
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and

1
0+ — / | max(x - 1/]1, O)”e} — max(x - 1/]2, 0)”e?| dgn1
0B,

Cj
1

z o (o v} (el — ) = (w1} = (a-v2)") 2] daen !
¢ JoBin{z-v}>0}n{z-v2>0} | J J J ( J J ) J|

— |(x-ﬁ)’€§—/§($.D)’i—l(x,n)é‘dg{n—l.

OB1N{z-v>0}
Then (z - 7)§ = k(x - n)é for all z € 9B; N {x -7 > 0}. Putting = ¥ and noticing
that 0 = (|1/J1|2 - |1/J2|2)/cj — 2n -, it follows that £ = 0. So, z-n =0 for all =
implying that n = 0. But [£| + || = 1. This contradiction proves (20).
Next, as well as the regularity and nondegenracy of u imply that for € > 0

there exists d2 € (0,d1) such that for 1 € d{|u| > 0} N By, (z0) and y € Bs, (1),

u(y) =0 if (y—x1) v(z) < —€ly — a1,
(21) () >0 i (y—a1) v(z1) > ely — 1.

Assuming that does not hold, we obtain a sequence d{|u| > 0} N Bs, (x0) >
Ty, — T and a sequence ¥y, — Ty, — 0 as m — oo such that

either u(ym) =0 and (ym - xm) ' V(xm) < _6|ym - $m|7
or [u(ym)| >0 and  (Ym — Tm) - V(Tm) > €|Ym — Tm.

On the other hand we know from as well as from the regularity and nonde-

generacy of the solution u, that the sequence u;(z) := W

CL®(R™; R™) to amax(z-v(F),0)"e(F) as j — oo and that u; = 0 on each compact
subset of {x - v(Z) < 0} provided that j > j(C). This, however, contradicts (22
for large j.

Last, we use (21) in order to show that 9{|u| > 0} is for some d3 € (0,02)
in By, (o) the graph of a differentiable function. Applying two rotations we may
assume that v(zg) = e, and e(zy) = e;. Choosing now d, with respect to € = +

2
and defining functions g*, g~ : B, (0) — [—o0, oc],
2

(22)

converges in

gt (a") :=sup{x, : 2o + (2/,2,) € O{|u| > 0}}, and

g (') :=inf{x, : xo + (2',z,) € O{|u| > 0}},
we infer from as well as from the continuity of v(x) immediately that {x,, :
xo + (2',z,) € d{|u] > 0}} is non-empty and that for sufficiently small d3 the
functions gt and ¢~ are Lipschitz continuous and satisfy g™ = g~ on B</53 (0).
Applying once more with respect to arbitrary ¢ we see that g* is Fréchet-
differentiable in Bj, (0), which finishes our proof in view of the already derived
Holder continuity of the normal vector v(x). O

5. A SYSTEM WITH HOLDER COEFFICIENTS

In this section we are going to show that our results extend to the setting

(23) Au = f(z,u) := A (2)[u" | at = A_(z)ju" |7 ta, in B;(0),
where u® = (uf,- -, uf) and v := max(£u;,0). Also, we assume that coefficients
A+ satisfy

0< X <AxeC%(B).
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In fact, u is a minimizer of
J(u) := / |Vu|? 4 2F(z,u) dz,
B,

where F(z,u) := ﬁ()\+(x)|u+|q+1 + A_(z)|u 9.
First of all, we see that first part of Theorem (case k ¢ N) is valid. Even in
the case k € N, we may use its result to obtain the estimate
sup |u| < Cor~°,
B, (z)
for every € > 0. (Remark It implies the monotonicity, Proposition for the
energy

1 / 2 K 2 -1
= — |Vu|*+2F(z,u) dfc—i_/ lul* dH" ™,
Tn+2f-c 2 Br(io) ( ) Tn+2f-c 1 aBr,-(wo)

where Fy(xz,u) := F(xo + s(z — z9),u). We have the relation W(r,zg,u,) =
Wi(rs, zo,u) and the following (almost) monotonicity. (see [5] for similar setting
but in the scalar case.)

W (u, zq, )

Proposition 5.1. Let u be a solution of in By, (zo) and xy € T'"(u). There
exist constants C > 0 and p > 0 such that Wi (u, zg, r)+crt is increasing forr > 0.

By the monotonicity we can repeat the second part of the proof of Theorem [1.2]
Moreover, we have still non-degeneracy property as we have shown in Proposition
When coefficients A4 are constant, we can repeat the proof of Theorem [3.1] to
show the Epiperimetric inequality for the energy function

My, (v) := / (IVV|* +2F (20, v)) dz — K// |v[2dF1
B1 aBl
We now proceed with the proof of the regularity of free boundary at regular points.
Theorem 5.2 (Energy decay). Let xo € By N 9{|u| > 0}, and suppose that the
epiperimetric inequality holds with ¢ € (0,1) for each
T || r
c = |z|u, (=) = u(zo + —
and for all r < ry < 1. Finally let ug denote an arbitrary blow-up limit of u at xg
and A = min{(n + 2k — 2)e/(1 —¢), 8}. Then there exists a constant C such that

|[Wi(u,zo,r) — Wi(u, zg,0+)] < C?“A| log |,

/rKZ

and
/ () — o (2)|dH ! < CrM2|log 7,
0B1

for all r € (0,79).

Proof. We can repeat the calculation in the proof of Theorem to show that

n—+2k—2
—(

e(r)>— e(r) + Wi(u,zo,0+) — Wy (cr, 20,1)).

Now we apply the epiperimetric inequality to ¢, and find a function v .€ W12(By; R™)
such that

My, (v) < (1 — )Mz, (cr) + My, (h).
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Moreover, we may assume that
(24) My (v) < My, (uy),

otherwise we substitute v by u,.. In order to replace v by u, generally, we find the
following estimate by the Holder regularity assumption on F'(x,v) with respect to
the variable x:

(25) My (v) = Wi(v,20, )] < Crr? VIS, -

for some constant C' depending only on the coefficients of the problem. Freezing
the coefficients and estimate yields that

May(v) = Wi(v,20,1) = Cor® V][54,

1
> Wy(v,z0,1) — 501T5(Mmo (v) + ”||V||%2(831))
1
> Wy (v,z0,1) — iclrﬁ(MmO (w) + KluplZ20m,));

where we have used in the last line. Now by the minimality of u, with the
respect of its boundary conditions, we have that

n+ 2k —2
e/(r) > - 7(6(7") + Mro(h) - Mzo(cr) + Clrﬂ”CrHl;l_zq(Bl))
n+2k—2 M, (h) — M, (v
>— ——(e(r)+ o (B) (V) JrClT’B”CrHlqu(Bl))
T 1—¢
2k — 2 1 1
> = P (elr) 7 [May (1) = Wi(v,0,1) + 5 Car” (M (1)
Al 2aom) | + Crrlllenl s m,)
2k — 2 1
Z - n++ |:€(7") + 17_8(Mz0 (h) - Wr(ur; Zo, 1)) + CQTﬁ}
2k — 2
S e e(r) — CsrP~1 > Ae(r) — Car™ 1,
r 1—¢
Therefore

(r~2e(r)) > —Csr1,
and after integrating in (r,rg), we get
e(r) < Criflogr|.

The second part of theorem can be obtained similarly to the proof of Theorem
4.2l O

Remark 5.3. As apparent from the proof, we need the term logr in the estimate
in Theorem only when B = (n+ 2k — 2)e/(1 — ¢). Otherwise, the estimations
are valid without this term.

Other results in Section 4 remain true when we replace the equation with ,
especially Theorem on the regularity of the free boundary.

Remark 5.4. In this section we can treat case ¢ = 0 (or k = 2). Although, the
proof of epiperimetric inequality in Section [ needs the condition 0 < q < 1, we
already know the similar result in [2]. Then our proof in Theorem covers the
case q = 0.
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6. APPENDIX: CLASSIFICATION OF GLOBAL SOLUTIONS IN PLANE
We are going to classify the homogeneous solutions of degree k of in plane.

Proposition 6.1. Let n = 2. If u is a homogeneous solutions of degree k of
such that {z : |u(z)| = |Vu(z)| = 0} # {0}, then there exist a unit vector v € R?
and vectors ey, e_ € R™ such that |ex| =0 or 1, and

u(z) = amax(z - v,0)"e; + amax(—xz - v,0)"e_.
Proof. Suppose u(x) = r*®(0), and rewrite the equation in polar coordinates. Then
D" 4 K2 = f(®), ®(0) = ®(27).

Use polar coordinates for R™ and write ®(6) = p(#)®(6), where & is a unit vector
in R™. According to the assumption there is 6y such that ®(6y) = ®’'(6y) = 0. By
a translation we may consider (0, a) to be the maximal interval in which |®(8)| # 0
and ®(0) = ®’(0) = 0. Then p and ® are smooth in (0,a) and satisfy

(26) P04 200 + pd” + k2pd = pid.
Now, using this fact that & - & = 0, and multiplying in &', we obtain
2p/|(i)/|2 + p‘i’” . (i)/ —0.

Thus
d
i
and p?|®’|2 is a constant function in interval (0,a). On the other hand, p(0) =
|®(0)] =0, and

4@)/|2) :O,

pd =& — (& 9)D
is bounded in (0,a). Then limg_,q p*|®’'|? = 0, hence p*|®'|2 = 0 for § € (0,a) and
so ® is a constant vector in this interval since p > 0. (Note that d is smooth as
long as ® # 0.)
Therefore p must satisfy the following equation:

o'+ K2 p=p? in (0,a).

Since p(0) = p'(0) = 0, according to Proposition 3.2 in [], a = = and p(f) =
asin®(6). Then ®(7) = 0. Although p’ is not necessarily continuous at § = 7, ® is
smooth and
@' (7) = lim @' () = lim p'(6)® = 0.
O—m— O—m—

Now we can repeat the above argument for another maximal interval (b,c¢) C
(m,27), such that ®(b) = ®'(b) = 0. We thus conclude that either p = 0 in
(m,27) or (b,¢) = (m,2m) and p(0) = asin™(0 — 7). Therefore there are two unit
vectors <f>+ and ®_ such that

u(z) = a(z)*®, +a(z]) d_. O
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