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Abstract

The approximation of linear time-invariant systems by sampling series is stud-
ied for bandlimited input functions in the Paley-Wiener space ”PW,IT. It has
been known that there exist functions and systems such that the approxima-
tion process diverges. In this paper we identify a signal set and a system set
with divergent Shannon sampling expression. We analyze the structure of these
sets and prove that they are jointly spaceable, i.e., that each of them contains
an infinite dimensional closed subspace, such that for any pair of function and
system from these subspaces, except the zero elements, we have divergence.
Keywords: Spaceability, Linear time-invariant system, Paley—Wiener space,

Approximation process, Sampling series, Divergence

1. Introduction

A central problem in signal processing is the approximation of linear time-
invariant (LTT) systems, like the Hilbert transform or the derivative, by sampling
series. For a given bandlimited input function f and stable LTI system 7T, the

canonical approximation process is given by

> fR)ho(t — k), (1)

k=—o00
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where hp = T sinc denotes the response of the system T to the sinc-function.
The convergence of (1) is not guaranteed and has to be checked from case to
case.

In [4, 5, 6] the convergence behavior of (1) was analyzed for functions f in the
Paley—Wiener space ’PW}T of bandlimited functions with absolutely integrable
Fourier transform. It was shown that for each ¢ € R there exists a stable LTI

system T and a function f € PWL such that

lim sup
N—o00

N
> fhr(t —k)| = oo, (2)

k=—N

i.e., that the approximation error grows arbitrarily large. Using the Banach—
Steinhaus theorem, it is easy to see that, for a fixed divergence-creating system
T, the set of functions f for which (2) holds is a residual set. Equally, for a
fixed divergence-creating function f, the set of systems T for which (2) holds
is a residual set. However, it is not clear whether there exist a residual set of
functions and a residual set of systems, such that for any pair of function and
system from the two sets, (2) holds.

In this paper we study the structure of the sets of divergence creating func-
tions and systems. It would be interesting to know whether these sets contain
subsets which exhibit a linear structure, because in this case any linear combi-
nations of functions or systems from those subsets, which do not result in the
zero elements, would lead to divergence as well. We prove that both sets are
spaceable, i.e., contain a closed infinite dimensional subspace with linear struc-
ture. It is even true that both sets are jointly spaceable in the sense that there
exist two closed infinite dimensional subspaces Dgjy and Dyys, such that for all
pairs of functions and systems (f,T) € Dgjg X Dgys, f # 0, T # 0, we have
divergence as stated in (2).

This work was motivated by questions raised by Hans Feichtinger in early

2015 about the structure of divergence-creating signal sets.



2. General Notation

Let f denote the Fourier transform of a function f, where f is to be under-
stood in the distributional sense. LP(R), 1 < p < oo, is the space of all measur-
able, pth-power Lebesgue integrable functions on R, with the usual norm | - ||,,
and L*°(R) the space of all functions for which the essential supremum norm
|- lloo is finite. LP[t1,¢2], 1 < p < oo, is the space of all measurable, pth-power
Lebesgue integrable functions on [t1,t2]. C[t1,t2] denotes the space of all contin-
uous functions on [t1,t2] For 1 < p < oo, PW? denotes the Paley-Wiener space
of functions f with a representation f(z) = 1/(2m) ["_g(w)e™* dw, z € C,
for some g € LP[—m,x]. If f € PWP then g(w) = f(w). The norm for PWE,
1< p < oo, is given by | fllpwe = (1/(27) [7, |7 (@) dw)1/7.

We briefly review some definitions and facts about stable linear time-invariant
(LTI) systems, which will be relevant. A linear system T : PWE — PWE,
1 < p < oo, is called stable if the operator T is bounded, i.e., if |T| :=
SuPHfHPngl”TfHPWﬁ < oo. Furthermore, it is called time-invariant if (T'f(- —
a))(t) = (Tf)(t —a) for all f € PWE and t,a € R.

In this paper we are mainly interested in stable LTI systems operating on
the space PW}” i.e., in the case p = 1. By 7 we denote the set of stable LTI
systems T': 771/\/71r — PW}r. The operator norm of a stable LTI system T is
given by ||T|| = ||iLT||Loo[_7r’7r]. For every stable LTI system T : PW. — PWL

there exists exactly one function hp € L°°[—7, 7] such that

N6 =5 [ Fhrw)e dw, ter, 3)

for all f € PWL. Conversely, every function hp € L>°[—m, ] defines a stable
LTI system T : 771/\/71r — PW;. Hence, we can identify stable LTT systems
with L®[—m, x| functions. By Q: T — L°°[—w,n] we denote the isometric
isomorphism that performs this mapping. We have hy = T sinc, where sinc
denotes the usual sinc-function which is defined by sinc(t) = sin(nt)/(wt) for

t # 0 and sinc(t) =1 for ¢ = 0.



Remark 1. Adding two functions in ’PW}T or multiplying a function in ’PW}T with
a scalar gives again a function in PW;. The same linear structure also holds
for stable LTI systems. This is important for signal processing applications,

because it allows to compose complex systems out of simple ones.

3. Spaceability

Before we state the main result, we introduce the concept of spaceability.
Spaceability, which has recently been used for example in [10, 13, 1, 3, 7], is a
concept that describes the structure of some given subset of an ambient normed
space or, more generally, topological space. A set S in a linear topological space
X is said to be spaceable if SU{0} contains a closed infinite dimensional subspace
of X. A closely related concept is lineability. A set S in a linear topological
space X is said to be lineable if SU{0} contains an infinite dimensional subspace.

In [12] it was proved that the set of continuous nowhere differentiable func-
tions on R is lineable. Later, it was shown that the set of continuous nowhere
differentiable functions on C[0, 1] is spaceable [10]. The divergence of Fourier se-
ries was analyzed in [3], where it was shown that the set of functions in L*(0D),
whose Fourier series diverges everywhere on 9D is spaceable. Spaceability and
lineability in different setting was further analyzed in [11, 2].

Spaceablility of normed spaces is also interesting for signal processing, be-

cause the linear structure and the norm are both relevant concepts there.

Remark 2. Spaceability is a stronger property than lineability. Every spaceable

set is lineable but not vice-versa.



4. Main Result
Now we are in the position to state our main result.

Theorem 1. There exist an infinite dimensional closed subspace Dy C PW}T
and an infinite dimensional closed subspace Dgys C T such that for all f € Dy,
f#0, and all T € Dy, T # 0, we have

N

> f(k)hr(—Fk)

k=—N

lim sup = 00.

N —o0

AllT € Dyys are such that BT 18 continuous.

Theorem 1 shows that there exist a spaceable set of functions Dg;, C PW}T
and a spaceable set of stable LTI systems Dgy C 7 such that the system
approximation process (1) diverges at t = 0 for any pair of function and system
(f,T) € Dsig X Dgys, f # 0, T # 0, chosen from the two sets. In the previous
expression, we denoted the zero element by 0. For the signal space it is the
signal f that is identical zero, i.e., f(¢t) = 0 for all ¢ € R, and for the system
space it is the LTI system T with hz(w) = 0 for almost all w € [—m, 7. From
the context it will be always clear which zero element we refer to, when writing

0.

Remark 3. Note that is significantly more difficult to show a linear structure in
the set of functions and systems with divergent system approximation process,
compared to showing a linear structure in the set of functions and systems
with convergent system approximation process. If we have two functions f;
and fo, for which (1) converges, it is clear that the sum of both functions, i.e.,
f1+ f2, is a function for which we have convergence as well. Hence, any finite
linear combination of functions with convergent system approximation process
will be a function with convergent system approximation process. However, for
divergence this is not true. Given two functions w; and wsq for which (1) diverges,
we cannot conclude that the sum of both functions, i.e., wy + wo, is a function
for which (1) diverges. This can be easily seen by choosing wy = f1;+¢g and we =

f1 — g, where f; is any function with convergent system approximation process



and ¢ any function with divergent system approximation process. Obviously,
for the sum wy +wy = 2f; we do not have divergence. This shows that the sum
of two functions, each of which leads to divergence, does not necessarily lead to

divergence.

Remark 4. Theorem 1 is concerned with the sets of functions and system for
which we have the divergence (2). As for convergence, we have the following
situation. For all functions f € ”PW?T and all systems T' € T we have

lim max |(Tf)(¢ Z f(B)hr(t — k)| =0,

N—oco teR
k=—N

i.e. we have lineability of the set of input functions which lead to a convergent
system approximation for all stable LTI systems. Further, for all stable LTI
FIR-systems g, i.e., systems T' € T with hp(k) # 0 for only finitely many
k € Z, we have for all f € PW?. that

Z f hTFIR )7

k=—oc0
because only finitely many summands are non-zero. Therefore, we also have
lineability of the set of systems for which (7'f)(0) can be represented by a finite

sampling series for all functions in PW;.

The divergence for arbitrary ¢ # 0 follows easily from Theorem 1 and is
stated in the following corollary, the proof of which is given after the proof of

Theorem 1.

Corollary 1. Lett € R be arbitrary but fived. There exist an infinite dimen-
sional closed subspace Dg;q C P)/V}r and an infinite dimensional closed subspace

Dygyss C T such that for all f € Dyyg, f #0, and all T € Dyyso, T # 0, we have

Z F(R)hr(t — k)

k=—N

lim sup
N—o0

= Q.

All T € Dgysp are such that }ALT is continuous.

For the proof of Theorem 1 we need the following lemma.



Lemma 1. There exist two sequences of functions {¢n tnen and {gn}nen with:
1. The functions ¢,, n € N, are finitely linearly independent, {¢,}nen C
PWL, and there exists a constant Cy such that [Pnllpwr < Cy for all

n € N.
2. The functions gn, n € N, are finitely linearly independent, {Gn}nen C
Cl—m, |, and there exists a constant Cy such that ||gnllec < C2 for all

n € N.
3. For all n,m € N there exists a sequences {N,.(n,m)}.en and a constant

C3 such that

N,.(n,m)
lim sup Z On(—k)gm (k)| = 00
T—>00 k=0
and
N,.(R,m)
su n m S C:
TEIN) Z d) ) ’

for all n,m € N with (7, M) # (n,m).

Proof of Lemma 1. For N € N and k € Z let

. 1- B _N<k<N,
pN(k) =
0, |k| > N,
and define
pn(k) =py(k—N)

as well as

sm (t— k))

_ R.
We have

Ipnllpw =1 (4)
for all N € N, which follows from the fact that the L![—m, 7]-norm of the Fejér
kernel is one. Further, for N € N and k € Z, let

-l N<k<-1,
av(k) =91 1<k<N,

0, k:O7‘k|ZNa



and define
an (k) = gy (k — N)

as well as

2N .
an(t) = ZqN<k)W, teR.
k=0

We have
oo < C4 (5)

for all N € N, which is a simple consequence of [14, p. 183, Remark (b)]. It
follows that

N Nl
ZPN(k)QN(k) = NN —k
k=0 k=1
- N-1 IN-I
B [ N
1=1
- 1\1711 B iqu
B I N
=1 =1

for all N € N. Further, using Parseval’s theorem, (5), and (4), we see that

oo

Z pn (k)an (k)

k=—o00

1 [T -

%/_WPN(W)QN(W) dw
1 T _

<5 _ﬂlpzv(w)llqzv(w)ldw
C T

< *; PN (w)| dw

—T

ZPN(k)qN<k)
k=0

= Cy, (7)

for all N € N with a constant Cj4 that is independent of N.



Additionally, we need to define several matrices. We construct them itera-

tively. Let

and

I, R
where I; denotes the [ x [ identity matrix. Having defined the (r — 1)-th matrix,

the r-th matrix is given by

r times

Elementary facts about R,, r € N, are:

1. R, has (r + 1) rows and w columns.

2. In each row of R, we have exactly r elements that are 1, all other elements
are 0.

3. In each column of R, we have exactly 2 elements that are 1, all other

elements are 0.

For r € N, we further set

w1 W@ - w7,
("1 M9y o WP
Wy ( ) Wy ( ) Wy (r)
BT: . . . :(Rr Ir+1)7
wh (1) w2 w0

where {wfg)(l)}ml7 m=1,...,r+1,1=1,...,1, denote the elements of the

matrix B,., and
1 3
ﬂ%}l+r+1:ﬂ%;J

Next, for n € N, we will construct two convergent sequences {@,  }ren and

I, = +1.

{9n.r}ren. The limit functions will be the desired functions ¢,, and g,. For
r € Nlet
N, =20, (8)



For r =1 we set M; =0,

Pra(t Zuh Dpn, (8= (1= 12Ny +1) — My),

gua(t Zw(” (Daw, (t — (1 = 1)(2Ny + 1) = M),
Gt sz” (Dpw, (t— (1= 1)(2Ny + 1) — M),
=1

g2 (t Zw Dan, (t — (I = 1)(2Ny + 1) — M),

for 1 <n <2, and

5
Ni(n,m) = My + Ny + Y wi (w11 — 1)(2N; +1)
=1

for 1 <n,m <2, m#n.
For r = 2 we set My = My + 11(2N1 + 1),

lo

P12(t) = P1.1( Z Dpn, (= (1 = 1)(2N2 + 1) — Ma),
g12(t) = g1 Zw Dan, (t = (1= 1)(2Na + 1) — M),
P2.2(t) = ¢2.1( sz o, (= (1= 1)(2N2 + 1) — Ma),

2(9) = 92005 30 a6 - (1~ DN + 1) — ),
=1

93.2(1) 23Zw§> o (t = (L = 1)(2N2 +1) — Ma),
=1

g3.a(t 232103 Dan, (t— (1 — 1)(2Na + 1) — M),

Na(n,n) = Ma + Ny + (22* Y 0N, 4 1) + (n— 1)(2N; + 1),

10



for 1 <n <3, and

l2
Na(n,m) = My + Na+ > w@ (w@ (1)1 —1)(2Nz + 1),
=1

for 1 <m,n <3, m#n.
Suppose, for some r with » > 2 we have constructed the number M,., the
functions ¢,, , and gp,, 1 <n <7+ 1, the numbers N,(n,m), 1 <n <r+1,

1 <m<r+1. Then we set

Mr—i—l = Mr + lr(2Nr + 1)3

lr+1
1 r
¢n,7‘+1(t) = an,r(t)‘f‘m Z w; +1)(l)er+1 (t — (l — 1)(2N.,-+1 + 1) — M7-+1),
=1
=V, ry1(t)
forl<n<r+1,
Lt
r+1)
¢T+2 "'+1 t 4+ 1 7oL 1\3 Z w’r-‘y:g er+1(t - (l - 1)<2NT+1 + 1) - MT+1>7
1 lrya

Z Wy, H—l) l)qN7+1 (t - (l - 1)(2NT+1 + 1) MT-‘rl)a

n,r t:nrt
()= 90, O+ o

:an7'+1(t)
forl1<n<r+41,

.

1 r

grizria(t) = 5 D w5 (D, (t— (1= 1D)(2Npgy +1) = Myp),
=1

(r+1)(r+2)

Nr+1(n7n) = Mr+1 + Nr+1 + 9

(2Nr+1 + 1) + (n — 1)(2Nr+1 + 1),

for1 <n<r+2, and

lrta

Nygi(n,m) = Mygy + Negr + Y w Qw0 (1)1 = 1) (2N + 1)
=1

forl<nm<r+2,n#*m.

11



Now, let n € N, n > 1, and r > max{n + 1,3} be arbitrary. Then we have

l
1< o
H(bn,T”PW}r = ||Pnr—1 + 3 ngz )(l)er(' - (=1)2N, +1) = M,)
=1

PWL
T

=Y S e (- )EN. ) - M)

s=max{n—1,1}

PWL

T

> Zw(s) ) Ipn, (- = (1= 1D)(2Ny +1) = M) pyyn

s=max{n—1,1}

IN

r oo
s+1 1 2
= 2 5s2 ), gEgex
s=max{n—1,1} s=max{n—1,1}

where we used that |[px|lpyy: =1 for all N € N, and the fact that only s + 1
coefficients are non-zero and equal to 1.

Hence, for r — oo, the sequence {¢, .} converges to a function in PW}r.
The convergence is in the PW}T—norm, and consequently pointwise. The same
argument is valid for g, ,, where we have convergence in the maximum-norm,
which implies uniform convergence of g, , on Z.

Next, for n,m > 1, we will show that

Z% 9 (k)

k=0

lim sup
N —o00

= 0. 9)

Let r € N, r > max(m,n,3) be arbitrary. We consider N = N,.(n,m). For
k € Z with 0 < k < N,(n,m) we have, according to the constructions of the
function ¢,, and the sequence { @y, 7 }ren, that ¢, (k) = ¢y, (k). The same holds
true for g, i.e., for 0 < k < N,(n,m) we have g, (k) = gm,-(k). Therefore, it
follows that

N,.(n,m) N, (n,m)

Z ¢n(k)gm(k) = Z (bnr gm r( )
k=0

M, -1 (n,m)
= Z d)n,r(k)gm r Z ¢n T gm T( ) (10)
k=0 k=M,

12



For the first term in (10) we have

r—1 I\/Ierl 1

= Z Z ¢nr gmr )

s=max{m—1,n—1,1} k=M,

E)gm,r(k)

r—1 Msy1—1

= Z Z (bns gms )

s=max{m—1,n—1,1} k=M,

r—1 Msp1—1

s=max{m—1,n—1,1} k=M,

For each s € N there exists exactly one natural number {(n,m, s), 1 < I(n,m,s) <

ls, such that wy(f)(l(mm, s))wg)(l(n, m,s)) > 0. Hence, for k in the interval
M < k < Mgy, (12)
the expression ¢,, s(k)gm, s(k) can be non-zero only for those k satisfying
M+ (l(n,m,s) —1)(2Ns + 1) < k < My + l(n,m,s)(2Ns + 1).

It follows that

Mop1—1

Y W (B) (k)

k=M,
Ms+1l(n,m,s)(2Ns+1)—1
= Z \I/ms(k)rrms(k)
k=Ms+(l(n,m,s)—1)(2Ns+1)

Ms+1l(n,m,s)(2Ns+1)—1

= |75 Z pNs(k_(l(nvmvs)_l)(2Ns+1)_Ms)X
k=My+(l(n,m,s)—1)(2N,+1)

X gN, (k - (l(n’m7 5) - 1)(2N9 =+ 1) - MG)

IN,
= > . (R)aw, (k)

56

1
e (13)

IN

13



where we used (7) in the last line. Combining (11) and (13), we see that

M,—1 r—1 1
Z (bn,r(k)gmﬂ‘(k) S C*4 Z 576
k=0 s=max{m—1,n—1,1}
o~ 1
<Cy Zl %
< Cs, (14)

with a constant Cy that is independent of r.
Next, we analyze the second term in (10). There exists exactly one natural
number I[(n,m,r), 1 < Il(n,m,r) <., such that wff)(l(n,m,r))wg)(l(n,m,r)) >

0. Hence, for k in the interval
M, <k < M4,
the expression ¢y, (k)gm. (k) can be non-zero only for those k satisfying
M, + (I(n,m,r) —1)(2N, + 1) <k < M, +l(n,m,r)(2N, + 1). (15)

We have ¢p - (k)gm,»(k) = 0 for all k& > M, that do not satisfy (15). Since
Ny(n,m) =M, + (I(n,m,r) —1)(2N, + 1) + N,, it follows that

N, (m,n)

Z ¢n,T(k)gm,r(k) (16)
k=M,

M,+((n,m,r)—1)(2N,+1)+N,

= Z ¢n7r(k)9m,r(k)

k=M,~+(l(n,m,r)—1)(2N,+1)
M,+((n,m,r)—1)(2N,+1)+N,.
=% > pw, (k= (I(n,m,r) — 1)(2N, + 1) — M,)x
k=M, +((n,m,r)—1)(2N,+1)

x gy, (k — (I(n,m,r) —1)(2N, + 1) — M)
1 &
= 6 ZPN,,(k)QNT.(k)
k=0

1 1—N,

> rlog(2) — 1. (17)

14



This inequality is valid for all r > max(m,n,3). Form (10), (14), and (17), we

see that
N, (n,m) N,.(n,m)
Z ¢n(k)gm(k) > Z ¢n r gm 7" Z ¢n r gm T )
k=0 k=M,

> rlog(2) —1—Cs

for all r > max(m,n, 3). Therefore, we have proved (9).

Next, for n,m > 1, we will show that for all (i, M) # (n,m) we have

N, (,17)
sup Z On(k)gm (k)| < 0. (18)
reN k=0

Let r € N, r > max{m,n, 3} be arbitrary. We have
N (f,7) Ny (f,7)

> BB =] D> bur(k)gmr(k)
k=0 k=0

M, -1

> b (k) g (k)
k=0

N, (f,m)

+ Z ¢nr ng( ) ) (19)

IN

because ¢, (k) = ¢nr(k) and g, (k) = gm,r (k) for 0 < k < N,.(7,7). For the

first sum in (19) we have

< Cs, (20)

Z(bnr gm7 )

according to (14). Next, we treat the second sum in (19). There exists exactly

one natural number I(n,m,r), 1 <I(n,m,r) <., such that
w (1(n, m, r))w) (I(n,m,r)) > 0.
Hence, for k in the interval
M, <k< M4,
the expression ¢, (k)gm,-(k) can be non-zero only for those k satisfying
M, + (I(n,m,r) = 1)2N,. + 1) < k < M, +l(n,m,r)(2N, + 1). (21)

15



We have ¢y, (k) gm, - (k) = 0 for all k > M, that do not satisfy (21), in particular

for all k£ in the interval
M, + (I(f,m,r) = 1)(2N, + 1) < k < M, + (R, 7, ) (2N, + 1).

If Ny(f,m) < M, + (I(n,m,r) —1)(2N, + 1), we consequently have

N, (7,1

(7o,1)
Z Gnr(k)gnrr (k) = 0.
k=M.

If N.(f, ) > M, + l(n,m,r)(2N, + 1), we have

N,.(f,m)
(bn,r(k)gM,T(k)

k=M,
My+i(n,m,r)(2N,+1)—1
= Z ¢n,r(k)gM,T(k)
k=M,~+(l(n,m,r)—1)(2N,+1)

M,+Ul(n,m,r)(2N,+1)—1
= Z o, (k— ({(n,m,r) —1)(2N, + 1) — M, )x
k=M +(I(n,m,r)—1)(2N,+1)

x gy, (k— (I(n,m,r) —1)(2N, + 1) — M,.)

IN,
> o, (B)aw, (k)
k=0

S C4, (22)

where we used (7) in the last inequality. Hence from (19), (20), and (22) we see

that
N,.(f,1h)
> bn(k)gm(k)| < Cs + Cu,
k=0
where both constants are independent of r. This completes the proof. O

Now we are in the position to prove Theorem 1.

Proof of Theorem 1. Let {¢n}nen and {g, }nen be the two sequences of func-
tions from Lemma 1 with the properties 1-3, stated in Lemma 1. For n € N

and t € R let




1

and
~sin(r(t — 27)
en(t) = T2

According to Paley’s theorem [9, p. 104], {e,, }nen is a basic sequence in PWL.

Further, {é, }nen is a basic sequence in L [—, 7] [14, p. 247]. Now we consider
n (t) = §T(Ll)(t) +en (t)

and

ho(t) = RV () + e, (1).

We have ||e; ||pywe =1 and [|€},||L1{—x,] = 1. Thus, it follows that

3 1
S llenlpwe 16 = enllpws = 5 < 1

n=1
and

0o . X ) .
D Mz —milin = enllei—rm = 5 < 1.

n=1
Hence, {&,, }nen is a basic sequence for PW}T that is equivalent to {e, }nen, and
{iLn}neN is a basic sequence for L>°[—m, | that is equivalent to {é,}nen [8,

p. 46]. Further, there exists a constant Cg > 0 such that

o 3 o 3
Co <Z|an|2> < §<Z|an|2> :
n=1 PWL n=1

Let Dy denote the closure in the ’PW}T—norm of the set

M
{Zangn: QA ER,MEN}.

n=1

)
E Ap€n
n=1

We have f € Dy if and only if > |a,|* < co. For every f € Dy, there exists

a unique [2-sequence {a, }nen such that

f= Z an&pn.
n=1

17



Further let Dsys1 denote the closure in the C[—7, w]-norm of the set

M )
{anhn: bneR,MeN}.

n=1
We have h € ﬁsysl if and only if ~ has a coefficient sequence {bn }nen with
>0 1 |bn] < oo. The coefficient sequence defines h uniquely. Clearly, every h
uniquely defines a stable LTI system T = Q‘lﬁ. We denote the corresponding
space of LTT systems by Dyys1 = Q' Dyye1.

Let f € Dgg, f # 0, and h € Dyye1, h # 0, both be arbitrary but fixed.

Then we have the expansions

F) =Y an(f)én(t), teR,

and

il(w) = Z bn(h)hn(w)’ w € [—m,7].

Let no denote the smallest natural number n such that |a,(f)| > 0, and mg

denote the smallest natural number m such that |b,,(h)| > 0. Clearly, we have

FO) =" an(Dénlt) = D an(Hen®)+ Y an(HEN (@)
=A(t) =F1(t)
and
ht)= > bu(Whm(t) = Y bu(h)em®)+ Y bu(h)h(2).

=B(t) =G (t)

For N € N we consider

N N N
ST k)R =" A(k)B(k) + > A(k)Gi (k)
k=0 k=0 k=0
N N
+) B(k)Fi(k) + Y Gi(k)Fi (k).
k=0 k=0

Since



we have A € PW2, and since

we also have B € PW2. Tt follows that

1
2

N N 3 /N
D A(k)B(K)| < <Z|A(k)2) (ZIB(k)I2> =Cr,
k=0 k=0 k=0
where the constant C7 is independent of N. The same argumentation is valid
for
N
> Ak)Gi(k),
k=0
i.e., we have
N
Z A(k)G1(k)| < Cs.
k=0
Further, we have
N 1 /7 N
_ . ikw
];)B(k)Fl(k:) = %/_7r Fy(w) (I;)B(kz)e ) dw. (23)

Let my the largest natural number satisfying 2™~ < N. If my < mg then we
have

N

> B(k)e* =0

k=0

for all w € [—m, 7], i.e., (23) is equal to zero. For my > mg we have

N my my mnN
> Bk ek = |3 BE) e < SBE) < Y b (h)] = Co,
k=0 l=lo l=lo m=mgq
where [y denotes the smallest natural number such that 20 > mg. It follows
that
N 1T N _
S B F (k)| < %[W|Fl(w)| S°B(k) €| dw
k=0 k=0
< Oyt / 1w d
= 9271_ . 1w w
= Cp.
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Consequently, we have

< C7+Cs+ Cyg = Cyy, (24)

N
- Z Fi (k)G (k)
k=0

independently of N.
For N € N we have

éFl(k)Gl(k):g: (i an(f ) ( > b (h)hS) (k )

k=0 \n=no m=mg

= ano Zé‘(l)
+ Z ano (F)EL) (k) ( > bm(h)hn?(k)>

m=mo+1
+meo mo < Z an(f)f%”(@)
n=ng+1
N e}
k=0 \n=no+1 m=mgo+1
(25)
For the second term we obtain
Ny.(ng,mg)
> an( ( Z b (R)BSY) (K )
k=0 m=mgo+1
(no,mo)
|ano h)| = W (1) g (ke
>~ Cl2n0+1 — C 2m+1 Z ¢ ( ) ( )
m=mo+
Cslan,(f)] = [bm(h)]
< Z2PnodJ /1
>~ 01022n0+1 . Zl+1 gm+1
m=my
= Cho. (26)
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For the third term we obtain

N,.(ng,mo) o)
> bmo<f>h;iz(k>< > an<f>«s£3>(k>>‘
k=0 n=ng+1

nO mO

Z ) (k)i (k)

< 1ome ()] lan(H)l |
—022m0+1 Z L Cr2ntt

o Calbma(Wl > fan(/)

= 01022m0+1 ni on+1
Cslbimy ()] [ N = 1\
S 0y Cgamott _Z lan ()] _Z 2InT2
n=ng+1 n=ng+1
= C3. (27)

For the fourth term we have

5 ) (£ ]

k=0 n=ng+1 m=mo+1
oo o Ny (no,mo)
= > alf) Y b Z &M (k)RS (k)
n=ng+1 m=mo+1
oo o0 Nr("mmo)
B an(f) bm (h) (1) /1) (1)
n=no+1 m=mo+1 k=0

It follows that

Ny (no,mo) oo
m= m0+1

k=0 n=nop+1

Ny-(no,mo)

= lan(f - M (g
< > 2n+101 > 2m+102 Z oV (k)gD (k)
n=nog+1 m=mgo+1 =
<o Y gE Y g
2n+1c’1 2m+1c’2
n=no+1 m=m,
C3 o ) 2 [e%e} 1 2
< .0, < Z an(f)] < Z 22n+2>
n=no+1 n=no+1
[} ) 2 e} 1 2
S fbm(h)| > o
m=mg+1 m=mo+1
§014a (28)
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where we used Lemma 1 in the second inequality. Combining (24) and (25)—(28),

we see that

n07mo N7 (nO;mO)
Z f > ano Z € 1) h(l) k) —C11 — Ci9 — C13 — C14.
Now since
N,.(ng,mo) N,.(ng,mo)
g (f)bmg (h
(D)3~ €D )| = el Dmel)] > onn (4
k=0
where |apn, (f)bm,(h)] > 0, and
Ny (no,mo)
lim sup Z o (k) gmo ()| = o0,
according to Lemma 1, it follows that
N (n0,m0)
limn Sup |an (f)bmg (1) € (k)i (k)| = oo,

T—00

and consequently that

Ny(no,mo)

lim sup f(k)h(k)| = occ.

r—00 k=0

Since h(k) = 0 for k < 0, this implies that

N

S F(k)h(k)

k=—N

lim sup = 00.

N—o00

To complete the proof, we consider the space Dgys = Q' RQDgys1, where
R: f — f(—-) denotes the time-reversal operator. Dsys is an infinite dimen-

sional closed subspace of 7 and we have

lim su = 00
for all f € Dgig, f # 0, and all T' € Dgys, T # 0. O
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Proof of Corollary 1. From Theorem 1 we know that there exist an infinite di-
mensional closed subspace Dy C ’PVV}T and an infinite dimensional closed sub-
space Dgys C T, such that for all f € Dy, f # 0, and all T' € Dgyq, T # 0, we

have
Z fk

Let t € R be arbitrary but fixed, and consider the operator U: L*°[—7, 7| —

lim sup
N—o00

!
8

(29)

L>®[—7, 7], hp s hre it Uisa bounded, linear, and invertible operator with
bounded inverse. Hence, Dgyso = QU @ Dygys is an infinite dimensional closed
subspace of 7. Let f € Dgiz and T € Dyyso be arbitrary but fixed. Further, let
fLT = U_liLT2- For N € N we have

S S0 = o [T 3 fe o
k=—N - k=—N
1" al
= [ Uhm)) 3 fy e de
- k=—N
1 N
— o ) Z f —iwk dw
k=—N

> f(k)hr(—

Since T' € Dyys, it follows from (29) that

Zf Y, (t — k)

k=—N

lim sup = 00. U

N—o0
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